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Structural mechanics 2

Lecture no. 8, April 16, 2024

1) Moments of inertia 
2) Mixed moment of inertia
3) Radius of gyration, ellipse of inertia



Review – lecture No. 7



Models of structural systems

Ø Simplification, idealization of reality

The simplification of the structure cannot omit any specific 
detail and must appropriately represent the structure. 

!
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Model of real structure – numerical model

c) Load => mechanical and non-mechanical load

b) Type of joints, connections, etc. => stiffness 

a) Geometry of the structure  => 3D® 2D ® 1D, division of 
          structure
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Normal stress – force equivalency

To describe the local force contribution 
in each point of cross-section the
normal stress is defined:
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The load carried by the cross-section is 
described by internal forces N, Vy, Vz, T, 
My, Mz 

Theory of elasticity:
Linear distribution of normal stress 
over the cross-section: 
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Normal stress – force equivalency

To be able to calculate the normal stress, we need to determine:

1. Centroid of cross-section (using Sy = Sz = 0)

2. Principal axes (using Dyz = 0)

3. Moments of inertia w.r.t. principal centroidal axes

4. Internal forces w.r.t. principal centroidal axes



Centroid – area

A z
c

yA
c

y dA
Sy

A A
z dA

S
z

A A

×
= =

×
= =

òò

òò

z

y

(double integral)

dA

,
1 1

, 1 1

, 1 1

lim

lim

lim

m n

m n
i j A
m n

z ijm n i j A
m n

y ijm n i j A

A dAA

S y A y dA

S z A z dA

®¥
= =

®¥
= =

®¥
= =

= =D

= D =

= D =

åå òò

åå òò

åå òò
i = 1, …, m

j =
 1

, …
, m

• Limit transition: m ® ∞, n ® ∞ => fine division

• Centroid coordinates (analogous to system of material 
points):
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Moment of inertia
Mixed moment of inertia

First moment of area
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E.g.:

1) Iy, Iz > 0

2) Iy, Iz is dependent on
the distance of the 
area from axis
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Moment of inertia
Mixed moment of inertia

Polar moment of inertia

-w.r.t. origin “O”
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Moment of inertia
Mixed moment of inertia

Mixed moment of inertia
- y, z axes
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Moment of inertia
Mixed moment of inertia

1. Integration

Calculation:

2. Combination of elementary 
geometric shapes



Moment of inertia
Mixed moment of inertia

Example: Determine the relation for the moment of inertia 
w.r.t. centroid axes
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Moment of inertia
Mixed moment of inertia

Example: Determine the relation for the mixed moment of 
inertia w.r.t. centroid axis
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Moment of inertia
Mixed moment of inertia

(1) (2)
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Example: Determine the relation for the moment of inertia w.r.t. a given 
y-axis
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Radius of gyration
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Radius of gyration

- y axis:

- z axis:

- w.r.t. 0 :
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Transformation – translation
Moment of inertia w.r.t. translated axes
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Moments of inertia and mixed moment of inertia w.r.t. y, z axis are known, 
determine these moments w.r.t. y’, z’ axes.

Note: !𝑦 = const. 



Transformation – translation

Using similar approach we get:

( )
2

'

2 2
0' 0

' '

2

2 2
y y y

z y

y z yz y z

I I z S z A

I I y S z S A y z

D D y S z S y z A

= - +

= - - + +

= - - +

0' ' 'y zI I I= +

Note:



Transformation – translation (ver. 1)
If the origin of CS is placed into the center of gravity then Sy = Sz = 0
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( Steiner’s theorem )

Iy, Iz, Dyz, I0 …. moments of inertia and 
mixed moment of inertia w.r.t. centroid CS
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Transformation – translation (ver. 2)
If the origin of CS is placed into the center of gravity then Sy = Sz = 0
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( Steiner’s theorem )
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If:

Then the Steiner theorem can be also written as:
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𝐼&! = 𝐼& + ()𝑦#+ ̅𝑧#)𝐴 = 𝐼& + (𝑦"$

#+𝑧"$
#)𝐴



Transformation – translation

Note:
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…. the moment of inertia w.r.t. centroid axis has the smallest value.
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Transformation – rotation

Moment of inertia w.r.t. rotated axes

Transformation of coordinates:
' cos sin
' sin cos
y y z
z y z

b b
b b

= × + ×
= - × + ×

{ } { }{ }'r T r=

b

y’

z

0 0'º

dA

z

y

( )22
'

2 2 2 2

2 2

' cos sin

cos 2sin cos sin

sin cos sin 2

z
A A

A A A

y z yz

I y dA y z dA

y dA yzdA z dA

I I D

b b

b b b b

b b b

= = × + ×

= × + +

= + +

ò ò

ò ò ò
Iz IyDyz

sin2b

y

z’

Moments of inertia and mixed moment of inertia w.r.t. y, z axis are known, 
determine these moments w.r.t. y’, z’ axes.
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Transformation – rotation

Using similar approach we get:

( )

2 2
'

' '

cos sin sin 2
1 sin 2 cos2
2

y y z yz

y z y z yz

I I I D

D I I D

b b b

b b

= + -

= - +

Note: this transformation is valid for any CS (not only centroid CS)



Transformation – rotation

=	 𝐼/ + 𝐼0 = 𝐼1

Matrix notation:

𝐼1" = 𝐼/" + 𝐼0" = (𝐼/ + 𝐼0)(cos2 𝛽 + sin2 𝛽) + sin 2𝛽 𝐷/0 − 𝐷/0

𝐼/" −𝐷/"0"
−𝐷/"0" 𝐼0"

= cos 𝛽 sin 𝛽
− sin 𝛽 cos 𝛽

𝐼/ −𝐷/0
−𝐷/0 𝐼0

cos 𝛽 −sin 𝛽
sin 𝛽 cos 𝛽

𝐼′ = 𝑇 𝐼 𝑇 3

𝐼′ , 𝐼  … inertia tensor

𝑇        … transformation tensor



Transformation – rotation

Invariants of inertia tensor

Invariant = its value does not change when 
                   arbitrary rotations are applied 

Linear invariant:
𝐼45 = 𝐼/ + 𝐼0 = 𝐼/" + 𝐼0" = 𝐼1

Quadratic invariant:
𝐼25 = 𝐼/𝐼0 − 𝐷/02 = 𝐼/!𝐼0! − 𝐷/!0!

2



Transformation – example
Determine the moments of inertia of complex shapes

(1) ( 2) (3)

2 2 2 2

(1) (2) (3)
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y y y

I z dA z dA z dA z dA
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(Note: all w.r.t. y axis!)

(1) (1) (1) 2
1 1y yc cI I A z= +

(2) (2) (2) 2
2 2y yc cI I A z= +

(3) (3) (3) 2
3 3y yc cI I A z= +

Coordinates of origin of y, z axes
(w.r.t yci, zci axes)

Moments of inertia w.r.t. centroids of 
individual areas; e.g. tabulated value

= -+
A(1)

A

A(1)

A(3)

A(3)A A(2)

A(2)

= -+

yc1 yc2 yc3
Cg1

Cg2 Cg3

y
zc1 zc2 zc3zc1 zc2 zc3



Moment of inertia – principal axes

For a given origin “O” we seek the extreme values 
of moments of inertia => principal axis

d𝐼/"
d𝛽

= 𝐼0 − 𝐼/ sin 2𝛽 − 2𝐷/0 cos 2𝛽

= −
d𝐼0"
d𝛽

d𝐼/"
d𝛽

= 0 ⇒ tan 2𝛽6 =
2𝐷/0
𝐼0 − 𝐼/

d𝐼0"
d𝛽

= 0
⇒

principal axis of inertia



Moment of inertia – principal axes

Principal moments of inertia
𝐼/6 = 𝐼/ cos2 𝛽6 + 𝐼0 sin2 𝛽6 − 𝐷/0 sin 2𝛽6
𝐼06 = 𝐼/ sin2 𝛽6 + 𝐼0 cos2 𝛽6 + 𝐷/0 sin 2𝛽6

cos2 𝛽6 =
1
2
( cos 2𝛽6 + 1); sin2 𝛽6 =

1
2
( 1 − cos 2𝛽6);

𝐼/6 =
𝐼/ + 𝐼0
2

+
𝐼/ − 𝐼0
2

cos2 𝛽6 − 𝐷/0 sin 2𝛽6

cos 2𝛽6 =
𝐼/ − 𝐼0

2
𝐼/ − 𝐼0
2

2
+ 𝐷/02

sin 2𝛽6 =	…



Moment of inertia – principal axes

𝐼/6 =
𝐼/ + 𝐼0
2

±
𝐼/ − 𝐼0
2

2
+ 𝐷/02

𝐼06 =
𝐼/ + 𝐼0
2

∓
𝐼/ − 𝐼0
2

2
+ 𝐷/02

Principal
moments 
of inertia

𝑰𝟏,𝟐	(𝑰𝟏 ≥ 𝑰𝟐)

𝑫𝒚𝟎𝒛𝟎 = 𝟎

Note:  
          𝐼/ + 𝐼0                   … first invariant

5"=5#
2

2
+ 𝐷2/0    … must be independent 

                                            on the rotation of CS



Moment of inertia – principal axes

Transformation (𝑦6, 𝑧6) → (𝑦, 𝑧)

𝐷/0 > 0	 ⇒ axis of 
max. moment is 
in interval II. and IV. 

𝐷/0 < 0	 ⇒ axis of 
max. moment is 
in interval I. and III. 



Ellipse of inertia

Note: 

𝑖/" =
𝐼/"
𝐴

Lines with the distance 
equal to the corresponding 
radius of gyration 
(𝑖/, 𝑖/! , 𝑖/!! , … ) are drawn 
parallel to the axis of inertia

These lines are tangents to 
the ellipse of inertia



Ellipse of inertia

Equation of ellipse of inertia:

𝐼/𝑦2 + 𝐼0𝑧2 − 2𝐷/0𝑦𝑧 =
𝐼/𝐼0 − 𝐷/02

𝐴

This equation can be written in the form:

𝑦, 𝑧
𝐼/ −𝐷/0

−𝐷/0 𝐼0
𝑦
𝑧 =

𝐼/𝐼0 − 𝐷/02

𝐴
I20 invariant



Ellipse of inertia
It can be shown by means of the transformation relations 
that for two coordinate systems rotated again each other 
we can write:

𝑦, 𝑧
𝐼/ −𝐷/0

−𝐷/0 𝐼0
𝑦
𝑧 = 𝑦′, 𝑧′

𝐼/" −𝐷/"0"
−𝐷/"0" 𝐼0"

𝑦′
𝑧′

Therefore, the shape of ellipse of inertia does not depend 
on the rotation of coordinate system but only on the shape 
of the cross-section and the position of origin “O”
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z

O
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O



Central ellipse of inertia

If the origin of CS coincides with the center of gravity 
=> central ellipse of inertia

The shape of ellipse of 
inertia partly follows the 
shape of cross-section



Central ellipse of inertia

Equation of central ellipse of inertia:

𝐼/6𝑦62 + 𝐼06𝑧62 − 0 =
𝐼/6𝐼06 − 0

𝐴
L

𝐴
𝐼/6𝐼06

𝐴
𝐼06

𝑦62 +
𝐴
𝐼/6

𝑧62 = 1

𝑦62

𝑖062
+
𝑧62

𝑖/62
= 1

𝑖/6, 𝑖06  … ellipse semi-axes
𝑦6, 𝑧6    … principal axes of ellipse
                 of inertia



The End


