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1 Theory

In this section, we present the theory to FFT-based homogenization, analytical homogenization, and
visco-elastic homogenization.

ey TRY 5 R and A = (Agp (@)

R? — R¥*? denote scalar, second-order and fourth-order tensor quantities with Greek subscripts used
when referring to the corresponding components, e.g. Ayg. A multi-index notation is employed, in which
RN with N = (Ny,..., Ny) represents RNV1*XNa  The objects denoted with a capital letter in a serif
font and bold style (e.g. A € RIXdxdxdXNXN) are called matrices, further superscript and subscript

we use following notation: a = a(z) : R? = R, a = (aas(z))

d
indices are used to refer to components g%u, ie. A= [Agﬁy]zlﬁefﬁzld with Z4; defined as
N, N,
Z4 {keZd:TO‘<ka§7a,a1,...,d}. (1.1)

Moreover, we denote by

k,mecz4
Aaﬂﬁ“’ = I:Alagt’gLV} ey € [RNXN) for a’ﬁauay = 1) o '7d7
k k dxdxdxd d
Ak™ — [AG‘ELV}a,ﬁ:L...,d € R4 for k,m € Z,

the submatrices of A. With the same notation, the objects denoted with a small letter (e.g. e € R¥*4xIV)
are called vectors and the product of matrix by vector multiplication Ae € R*¥*N ig defined as

kezZy

d
Ae=| > > Ak em : (1.2)

pr=1 mEZ‘Ii\I a,B=1,...,d
The binary operator ® denotes the elementwise multiplication, i.e. for I, N € R?
IO N = (IuNy)%_, e RL

Since the second-order tensors € and o are symmetric, the engineering notation is used. We use a
Mandel notation where in the two-dimensional case of plain strain, we can express strain and stress as

€ = (11,92, \/5512)T (1.3a)
6 = (011,092, \/5012)T- (1.3b)

Analogically, in order to express material law in Mandel notation as & = Lé, the stiffness matrix L can
be expressed as

B Li111 Liza  V2L1112
L= Lootq Lasss  V2Lao1o (1.4)
V2L1911 V2L1292  2L1219

1.1 Linear elasticity homogenization using FFT

A majority of computatinal homogenization techniques rely on the solution to the unite cell problem,
which concerns the determination of local fields in a representative sample of a heterogeneous material
under periodic boundary conditions. The behavior of any heterogeneous materials consisting of peri-
odically repeating unit cell (occupying domain 2 = Hizl(*Ya-Ya) C R?, where Y, is the axial size
and d denotes the space dimension) can be described with differential equations with periodic boundary
conditions and prescribed macroscopic load € as

a,B,pv=1"

{eq:delZN}

{eq:MB multiplication}

{eq:stress'strain'Mandel }

{eq:stiffness Mandel}
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dive(x)=0, xec)y
L(z)e(x), €l
1

— 2)de — &°
(e) :== |y|d/y€( )d 15

2
&
I

(1.5a)
(1.5b)

(1.5¢)

where o denotes second order stress tensor, € second order strain tensor, L the fourth order tensor of
elastic stiffness, and |-| ; denotes d-dimenasional Lebesque measure. The effective (homogenized) material

tensor Lg is such a tensor satisfying

(0) = Legt = (e)

(1.6)

for arbitrary macroscopic load €° = (€). In the two-dimensional case, it is calculated as a individual
unit loads e are prescribed, i.e. step by step is described £, = 1, 90 = 1 and 15 = 1. In fact, each
unit load determines one column of the effective (homogenized) stiffness L.g meaning in the engineering

notation, see Mandel notation at the end of the section.

Thus the problem of finding effective material tensor L.g is composed of finding corresponding strain
field € and associated stress field o for known elastic properties L and loading €° using differential

equation Eq. (L3).

We formulate the initial problem Eq. (LH) as a weak formulation: Find € = € — €” € V such that

(Lé, v) =" (Leo, v)L%

where

V ={e = (fap)a.p=1...d;€ap € L3 such that there exists vector field u € Hy- satisfying

Vu + (Vu)?
2

(1.7)

L3 denotes the measurable functions (vector valued), square integrable factorized with equivalence

unifying two functions equaling one another almost everywhere.

The weak formulation is numerically solved using Galerkin approximation with numerical integration

and trigonometric polynomials
1

PNm(®) = ——— > pr(@)wy
Ha:l Na kezg,

taken as a basis function where

mk

(1.8)

(1.9)

(1.10)

(1.11)

The basis functions N m () satisfy the dirac delta property, i.e. <pN7m(:Bk) = dmk, at nodal points

d
2Y ke 2Y1ky 2Y5k 2Y, k
mk::Z g €a< 1k 2Yaks aka
a=1 o

NN, N,

)eyCRd.

(1.12)

{ eq:linear elastic material

{ eq:hom ‘stress'strain rel}

e},

{eq:basis Orig}
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Since we store the nodal values of functions occuring in weak formulation

kezd
e = (cap(@")) 300 oo (1.13)
k,mEZd
L= (5kmLaﬁHV(mk))a7ﬂ,u,y117m7d7 (114)
0__ /.0 \kezg
e = (Eaﬁ)a,B:ﬁ7,,,7d7 (1.15)

the Galerkin approximation with numerical integration is then equivalent to solution of linear system
PLe = —PLe" (1.16)

where P is a projection on a discrete space corresponding to the space V' of admissible strain fields, i.e.
on the space

E=Sec RN, N ebpnpeV (1.17)
kezg,

and the matrix P can be explicitly expressed as
P=FIfF (1.18)

1’ F e CdxdxdxdxNxN

where matrices F™ are composed of Discrete Fourier Transform, i.e.

F — (5au5ﬁuwz_\rkm)k’mezi\l F_1 _ (5a“5ﬁyw1k<rm)k,m€sz (119)

and matrix Ik g is derived from a green function expressed in a Fourier space, i.e.

Fr o = [6 5 (L (0in&i& + 6uilh + 0w&i& + 05&i&)  3Ko+Go Eifjfk&)]k’mez"’
o T\ 2Gy 2[|€]15 Go(3Ko+4Go)  [I€5 /o ppmer. .
(1.20)

where & = (Ea(k))azl o Salk) = % for o = 1,...,d and k € Z%;, and Ky, Go are bulk and shear
modulus of reference s‘éiffness, the parameter of the method.

The assumption occuring through the whole program is that the material is isotropic in each point.
Next, the indentation provides the bulk and shear modulus K(x),G(x) € R,x € Y at nodal points
xk € Y for k € Z4;. Tt determines the matrix L required for the solution of linear system (I6) as

L(z*) = 3K (x*)Ay + 2G(z®)Ap, keczy (1.21)

where Ay, Ap € R¥*¥dxdxd are yolumetric and deviatoric projections, i.e.

0ikdj1 + 0i10;
Ig:= < kOjiI + 041 jk) 7 (1.22)
2 ig.k,=1,....d
1
Ay = <_5ij5kl> , (1.23)
d W4,k l=1,...,d
AD = Iszh. (124)

We note that the indentation files contains Young’s modulus E and Poisson’s ration v rather than bulk
and shear modulus, however they are equivalent with the equations

E

=302 1:2)
E

G= 50407 (1.26)

{eq:strain‘grid}

{eq:MBe}

{ eq:linear'system}

{ eqeisotropic material}

{eq:relation’ KG 'Enu}
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Next, the parameters of reference stiffness Ky, Gg € R are chosen as a mean of K and G at the set of
nodal points, i.e.

1
Ky=——— K (z* 1.27
0 card Z%; Z (%), (127)
kezg,
1
= G(z"). 1.28
card Z¢, Z (%) (1.28)
kezd;

In the implementation, the nodal points, e.g. K(x*) for k € Z%;, are stored in a matrices K € RY
defined as

keZg

K= (K(z")) (1.29)

The linear elasticity is generally described in the three-dimensional case, d = 3, but some simplifica-
tions can be done if one variable is omitted leading to two-dimensional case. In our work we assume the
problem of plain strain where €33 = €93 = €32 = €13 = €31 = 0. Another simplification having the benefit
in computation is Engineering notation, i.e. Mandel notation stated at the end of previous section, which
employ the symmetry of undergoing tensors L,e and o. Hence linear system ([LI6]) can be alternatively
rewritten as

PLe = —PL&° ( 1 .30) {eq:linear system Mandel)

[R3><3><N><N [R2><2><2><2><N><N

where ~ denotes Mandel notation and matrices P, L are from the space instead of
Specifically, the matrix L is block diagonal in the sense that submatrices are zero, L*™ = 0, for k < m
and k,m € Z%;, and the diagonal can be expressed as

) Kk 4+ Gk K”‘—%Gk 0
L¥* = [ Kk —2Gk Kk 3Gk 0
0 0 2Gk

, keZi. (1.31)  (eqstitness)

The linear system is then solved using the conjugate gradient method as shown in [4]. Numerically,
the algorithm is stopped when the number of iterations exceeds the user defined number or the required
tolerance ecg for the 2-norm of residuum is reached, i.e.

|||5|~_é(z) + |5|~_éOH < eca (1.32)  (eaton

where e(®) denotes the i-th conjugate gradient approximation of the solution.

1.2 Visco-elasticity FFT-homogenization

In previous section, we deal with linear elasticity and isotropic material, see Eq. (LED) and (IL2I)). In
this section, we describe homogenization of visco-elastic material. In the whole section, we assume that
the material, that we are concerned with, is visco-elastic in the deviatoric part meaning that the bulk
modulus K (z) is time independent while shear modulus G(x) obeys the viscoelastic properties.

In section [L2.J] we describe the identification of parameters from the nanoindentation experiment.
We assume that the material points are describable by Kelvin-Voight-Maxwell model (KVM) with a
scheme shown in Fig. [l Since the viscoelastic parameters are identified, we describe in section [[2.3] the
homogenization of those parameters. Then we again assume that the behaviour at the macroscopic level
again occurs only in deviatoric part and that it behaves like the KVM model.

1.2.1 Identification of parameters

In this section, we describe the identification of viscoelastic parameters that are very well cover in [2].
The idea is to link the indentation force vs. indentation depth to viscoelastic properties, in our case to
parameters occuring in KVM model.
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Figure 1: Kelvin-Voight-Maxwell model

The indentation experiment is prescribed with linear loading, constant holding and linear unloading
indentation force. The example of such experiment for particular point is shown in Fig. 2] where the
begin of loading phase ¢1, holding phase t5 and unloading phase t3 are identified. Then

tr, =ta — 11 (1.33)
tg =13 —to (1.34)

refers to the duration of loading and holding phase resp.

2.0r

1.5r

Indentation force - experiment

- - Approximation of indentation force
% Begin of loading phase
e Begin of holding phase
m Begin of unloading phase

T

Figure 2: Example of indentation force diagram

1.0r

Indentation force

0.5

0.0

—0.5,

Time

Next to the indentation force, cf. FigPl the indentation depth is obtained as it is shown in Fig.
From the initial phase, the Young’s modulus E and Poisson’s ratio v or bulk or shear moduli K, Gy are
identified, likewise in the case of obtaining parameters for linear elasticity.

Since the shear modulus Gy from KVM model is identified, it is still necessary to obtain viscoelastic
parameters 1y, 0y, and Gy. Vandamme and Ulm in [2] shown that the indentation depth in the holding
phase can be expressed as

5 — 4y M MTy n M
Yo = 75 T 5 —
l-v5 Gy Gytrexp 7t (exptT—L2 - 1) (¢ — %)

_ - (11/2—)2(Vi)2 L) K% — 1) exp;—;t (exp;—?3 — 1) + (1 — %) exp;—lt (% _ 1)] (1.35)

0 Ty T3

where M = M(E,v), Ty = Ti(nm, Gv,nv), To = Ta(nar, Gv, v ), and T = Ts(nar, Gy, v ) are defined
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as
E
M= —— 1.36
1— 12 ’ ( )
T = 3 GUMZV 2 (2\1/2° (1.37)
Eo(ny +nv) + 3Gy + (E§(nv + nv)? + 6Eona Gy (na — nv) + 903, G )Y
nv
Ty = — 1.38
2 va ( )
6
Ty = My (1.39)

Eo(na +nv) + 3nuGyv — (Eg(na +nv)? + 6Egnu Gy (nu — nv) + 903, G3)1/2°

Thus, it is now possible to identify the searched parameters (nas, nv, and Gy ) using least squares. The
red line in Fig. and in a more detail in Fig. shows the indentation depth during the force holding
phase while the green line corresponds to the best fit of KVM model with the least squares method.

300

300

— Experimental data
— Best fit of KVM model

295
2001

2901

100f

N

]

vl
T

N

®

=3
T

Indentation depth
Indentation depth

2751

—1001

270

— Loading and unloading phase
— Holding phase

=200

0 5 10 15 20 25 30 35 ZGJG 8 10 12 14 16 18
Time Time

(a) (b)

Figure 3: Example of indentation depth (ID); (a) Development of ID during the whole experiment
(b) Approximation of experimental data with KVM model

1.2.2 Kelvin-Voight-Maxwell viscoelastic model at material point

In this section, we describe the Kelvin-Voight-Maxwell viscoelastic model shown in Fig. [l We are
interested in a stress o(t) vs. strain £(t) relation defined by this model dependent on four parameters,
i.e. Go, ny, Gy, and ny, as it will be useful in the next sections. The Kelvin-Voight-Maxwell model can
be described by the system of ordinary differential equations

e(t) =eq(t) +enn (t) +ev(t) (1.40a)

2Goeq(t) = o(t) (1.40b)

20nEny, (1) = o(t) (1.40c)

2Gvey(t) + 2nvev(t) = o(t) (1.404)

where ¢ denotes time derivative of €, i.e. £(t) = $£(t), ea(t), en,, (t), and ey (t) are strains of individual
parts of the model.

First, we are interested in the strain response while loaded by stress with linear loading and constant

{eq:strain' M}

{eq:KV}
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holding phase

0, t<0
o(t) = st 0<t<t. (1.41)

Omax; tL <t

The analytical solution can be expressed with Volterra type of integral equation

t
() = / J(t — )6 (r) dr (1.42)
0
where J := J(t) denotes the creep function, explicitly expressed as
t 1 1 [ th}

1l —exp——o

- (1.43)

denoting a strain response exhibit by unit stress load. The well known Eq.[[.43lcan be found among others
in [2] and can be calculated using Laplace Transform, cf. MATLAB® routine published in [3]. Expressing
the time derivative in Eq. (L4I]) and substituting in Eq. (L42]) leads to the analytical solution in loading
phase

t
sL(t):/O J(th)U;“;X dr, 0<t<tp (1.44)

and explicitly in holding phase

tr
en(t) :/ J(t—1) U;nax dr, tp <t (1.45a)
0 L
Gyt
B T ST
2 |Go Gv nu 2nm Gt exp% ' '

Although the analytical solution (Z42) can always be used, the complicated stress load can lead to
difficulties in expression of the integral, thus we are interested in numerical solution of KVM model. We
solve numerically the differential equations (L40), rather than the numerical expression of Volterra type

of integral equation (L42).
The numerical solution of system (40) is based on time discretization with time step At > 0, with

time-levels
ti =iAt, i€”. (1.46)

Next, ¢* will denote the calculated strain at time-level ¢; and define o' := o(t;). We express the searched
strain in time-level ¢; as a sum of individual contributions

gl=¢eb+ st + €. (1.47)
Simply, the first term can be expressed as

ot

i . 1.48
ta 2Go (1.48)
The second term is based on numerical integration of Eq. (40d)
I -1t ~
enlt) =5 [ o@di= 5 [ o@dit ey, i) (1.49)
2nm Jo 20 Jy, -y

{ eq:stressToad }

{eq:Volterra}

{eqicreep}

{eq:strain‘at time-level }
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hence
1 _
Enn (ti) = 277—M o(t)dt + Enm (ti-1) (1.50)
ti—1
i At oi4 ot
NnM = 277M ’ 2 +€77M' (151)

The last term is based on solution of Eq. (L40d) that is fully described e.g. in [I]. Since, we approximate
the right-hand side of (LZ0d) with constant o'+o"! it is possible to find a approximate solution &y

2
_ ol 4 oi=t ~Gyt
t)y=—— +C 1.52
v () = T + Coxp = (1.52)
where the constant C' can be determined with a known initial value &y (¢;,-1) = 5%,71. Hence
) . o+ i1
Ev(t) = Bey 4+ (1— ﬂ)T’ (1.53)
1%
. . o 4 gi—1
ey = Pey L+ (1-5) ) (1.54)
e

where 8 = exp(f%).

Finally, substitution into Eq. (L4T) leads to affine relation between strain and stress at material point
et =ao’ + ' (1.55)
where

1 At 1-8

=—+ — , 1.56
“ 2G + 47]1\/[ + 4GV ( )
is a constant independent on time levels while
i At 1 i i1, 1=08 ;4
bt = 477—MO' + 5,,”” + ﬂEV + 4GV g . (157)

i—1

depends on previous time level t;,_1, particularly on stress ¢'~' and individual strain contributions Ennt

and £}, ! that are necessary to calculate for the next time level according to Eq. (L54) and (L5I).

1.2.3 Viscoelastic homogenization

The viscoelastic homogenization is based on finding the relation between the mean stress (o (t)) and mean
strain (e(t)). In our case, assuming the viscoelastic properties occuring in the deviatoric part, we are
mainly concerned with the relation of shear parts, i.e. (012(t)) and (g12(t)), that is further approximated
with KVM model. Analogically to the indentation experiment, where the indentation force is prescribed
and indentation depth is measured, we prescribe the shear stress Ll and calculate strainfl.

In the section [Tl about Linear elasticity we discuss the simplification into engineering Mandel’s
notation and we denoted the quantities with tilde operator, cf. Eq. (I3al) and (L4)). In this section, we
omit the tilde operator to simplify the notation.

IThe shear stress o12(t) is prescribed as in Eq. (LZI) or as is shown in Fig. @ i.e. with t;, and ¢ty being the duration
of loading and holding phase, while the other stress components o11(t), o22(t) are hold zeros.

2Although only o12(¢) is nonzero, all of calculated strain components are nonzero. Since we are interested in mean of
both shear stress (o12(t)) and strain (e12(t)), the other strain components €11(¢) and e22(t) are neglected.

{eq:strain‘etaM}

{eqepV}

{eq:viscoelastic law}
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1.0-
0.8
~
j
ﬁ|
£ 06
o
=
=}
5 0.4f
©
=
0.21 — Loading phase
— Holding phase
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005 2 4 6 8 10 12 14 16

Time

Figure 4: Example of loading test for obtaining homogenized parameters

First, we amend the viscoelastic material (L55]) to fit for the homogenization purposes. We rewrite
it for particular nodal point x* as

b = ko 4 bk (1.58)
C1 g bR
K, K,

o3 = et b — e (1.59)
= 2Glje€k7i - (Bze)lg (160)
where Elg’i and U§ " denotes shear strain and stress components at time level t; and Gk, (B!,)¥ are

components of matrices Gy € R B!, € R**IN explicitly expressed as

keZ§ 1
Gre = (G3)" Gre = 55k € 2N (1.61)
i k\kEZN VI d i \k d

Bve = ((Bve)a)azl,___:, (Bve)B - a_k"k € ZN (Bve)a = ka € ZNaa = 172 (162)

Next, we define a matrix Lk ¢,. as a matrix L in Eq. (C3T) with bulk and shear moduli K and Gy, rather
than with G.
Then the material law, in engineering notation, can be expressed as

s' =Lk, (8" +(e”)") — B, (1.63)

where e’ = (&' — (€°)") and s denotes strain and stress resp. in Mandel’s notation at nodal points for
time-level ¢; analogically to Eq. (LI3)).
Substitution of material law into the linear system (L30) leads to

PlLkg,. & = —PLkg,. (") +PB, (1.64)

where (e°)! € R®*YN depends only on macroscopic strain (¢°)! € R? as in Eq. (ILI5) thus later on we will
often replace both quantities.

We repeat that we are interested in the mean stress o (t) := (o(t)) and mean strain €°(t) := (g(t))
relation while the stress is prescribed as in Fig. @l Unfortunately the linear system ([L64) is appropriate
for the macroscopic strain prescription that we are interested in to calculate. Thus we split the linear
system into two as we split the right-hand side

~Plkg,. ("), (1.65)
PLkG..es,, = PBi., (1.66)

PlLk,G..80

10

{eq:Gve}

{eq:Bre}

{eq:linear’system Mandel"

{eq:linear'system A}

{eq:lincar'system'B}
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where the searched solution e’ can be expressed as a sum of particular solutions éiu and étie, ie.
e’ =e!, + e, . Then, the stress s* can be split accordingly
e Bye ?

s’ =sl +sp (1.67)

where
s = Lk, (€ + (e")), (1.68)
sb.. = LkG.. (€g,. — Ble)- (1.68b)

The quantities stie and égve can be calculated from the linear system ([LG6G). Then we will calculate the
macroscopic strain (e%)? in a way to satisfy the prescribed macroscopic stress o%(t;). Since

. 1
o'(t;) = (') := Y > sFeR’, (1.69)
14V2 kez2,

we express at least the mean of searched quantity sio

(se0) = (s) — (sg,.)- (1.70)

Since (Lk,G,.)ert connects the mean stress and mean strain, cf. Eq. (L0), we can express the mean of
searched strain e’, = €., + (e")"

(elo) = (LK,Gyo) gt (St0) (1.71)

Since (el,) = (e”), we can calculate &}, using linear system (LGH) and consequently si,. The calculated
stress s = s, + sp__ than satisfies the required stress loading (s*) = o*(t;).

However, the linear system (LGH) do not need to be calculated for each macroscopic strain (e®)
but the superposition of solutions can be used as the system is linear. Thus we calculate the solutions
e, = €, + e’ of linear system

PLK,Gveé(a) = PLKanee?a) (1.72)
where e?a) depends on unit loads s?a) = (0aB)a=1,...,3 for @ = 1,...,3. Then since the arbitrary

macroscopic strain is prescribed <e20> we can express the solution as
j i 0yi 0
el = Z € (e")(y) T e (1.73)
a=1,...,d

Finally, the effective parameters can be calculated. First the effective bulk and shear moduli Kog, Geff
are calculated from the effective stiffness (Lk, g)es obtained as in a linear elasticity and assuming that it
is isotropic matrix, i.e.

Gog — ((LKvGQ)eﬁ)ss (1.74a)
Kog — ((LKF)GH)11;((LK76)QH)22 _ %Geff (1.74b)

where ((LKyG)eﬁ‘)aﬂ is a component of (Lk g)eg at position af, cf. Eq. (I4) and (L3I). The mean
stress and mean strain relation in the holding phase, i.e. prescribed (0°(¢;))t, <t <ty .ien and calculated
(<ez>)tL§ti§tHai€N’ is used to find, using least square method, the effective viscoelastic parameters (nas)et,
(Gv)est, and (nv)es, analogically to identification of parameters stated in Section[LZ1l For this purpose,
the analytical expression of shear strain in the holding phase ([Z%]) is used. Fig. then shows
macroscopic shear strain as the response to macroscopic shear stress load shown in Fig. @l and Fig.
shows its part in the holding phase with a best fit of KVM model with effective (homogenized) visco-
elastic parameters.

11

{eq:MBs'MBBve}

{eq:counting MBe0}

{eq:MBe MBe0 linear 'com
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Macroscopis strain_12
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°
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4
)

— Loading phase
— Holding phase

x x Discretization points

5}

. I I I N
2 4 6 8 10 12 14

16

Macroscopic strain_12

— Numerical experiment
— Approximation with KVM model |{

x x Discretization points

n n
10 12 14 16
Time

(b)

Figure 5: Numerical test obtained by loading as in Fig.[#} (a) Strain response during the whole experiment
(b) Approximation of KVM model in the holding phase

Require: Material parameters K, G,n,,,Gy,n, € RY; Time step At and number of time steps n =

10:

11:

12:
13:
14:
15:
16:

nr + ng such that the loading phase t;, = ny At and holding phase ty = nyAt; Macroscopic shear
stress load o%(t) € R? defined with ¢;, and ¢ty with the maximal value at holding phase equal to 1.

Calculate Gye as in Eq. (L61)), set stiffness matrix Lk g,, and projection matrix P
: Solve the linear system PLk G,.€a) = —PLK7GVGe?a) where e?a) corresponds to unit loads (0a3)s=1,....3
for = 1,...,d; obtain effective parameters (Lk,g,. )et € R**3 and vectors e(,) = €(q) +e?a) € R3XN

Calculate macroscopic strain (€%,) = (Lk,g..)oq 0°(t1) € R3, cf. Eq. (LTI).
Calculate strain at time level t; ase' =3 | ,eq(ely), and stress as s’ = Ly g,.e'
fori=2,...,ndo
Calculate By, as in Eq. (L62) .
Find strain ey = &g — By, the sglution Qf linear system Plkg..€s,, = PB.., cf. Eq. (LG0).
Calculate stress corresponding to e as sy = Lk,c,. (€5, — Bi.), cf. Eq. (LERD)
Calculate macroscopic strain for linear system (LG5 as (el,) = (Lk,c.. ) (0°(t:) — (sg,.)) € R?,
cf. BEq. L7
Find ey, = € —|—_g0, a Osqlution g)f linear system ([LGH), where €’ = (eL,) as a linear combination
€0 = Dam1,..d ez_a)(e _)zoz) +e’, cf. Bq. C73).
Calculate strain e* = e + eZBVC
Calculate stress s’ = Lk g,.e’ + B,
end for
Calculate (Lk g)em as in the case of linear elasticity
Calculate effective bulk and shear moduli Keg and Geg from (Lk g)esr using Eq. [LT74
Find effective viscoelastic properties (nar)efr, (Gv)er, and (ny)eg as a best fit of KVM model to
relation between calculated mean stress and strain, (°(;)):, <1, <ty .icn and (<ez>)tL§ti§tH,ieN’ using
analytical expression ([45)

Algorithm 1: Visco-elastic homogenization
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2 Manual

2.1 Indentation

This section describes tab Indentation as is shown in Fig.[2l It primarily reads and adjust the data from
files obtained from nanoindentation.

Input data from nanoindentation - CSM

CSM indentation file: [,fhume;‘]arda,fDocumentsfP‘r’THON{GRANT,‘squSM.’SCCZ@Z#2.EI‘I’.res_0nIy.txt l ‘ Browse... |

Choose Poissons ratio:| from input file ¢ ‘ [0.35 ]

Import I

Input data from nanoindentation - Hysitron F}
Hysitron indentation file: ‘,fhome,‘]arda!Documents,fPYTHON.iGRANTfsrc{Hysitronfmultiple_l_full.txl| | Browse...

|
Young's modulus of indenter: [ 1141.0 I
0.07 |
|
|

Poisson's ratio of indenter:

[
Poisson's ratio: [ 0.35
|

Import

-Data from input file
No. of discretization points (N_1x N_2): 6.0 13.0
Size of periodic unit cell (Y_1x Y_2): 0.06 0.13

Discretization step (h_1x h_2): | 0.01 |0.01

Drawing uf:| E c| using:| 2D - contour & | | Draw |

Creation of input file

Substitution of defected values with: | local average s

Name of input file: [fhnme}]arda,fDocuments!PYTHON{GRANT;‘src,rtestidata,finput.txtI I Browse... J

[ Make input file

Figure 6: 'Indentation’

2.1.1 Input data from nanoindentation - CSM

This section is operated with a button 'Import’ reading the data from the file stated as ’CSM indentation
file’. It reads the Young’s modulus F, Poisson’s ratio v and the position of each indenter in PUC that is
used to identify the size of PUC (Y') and the number of discretization points (IN) in each direction. In
fact the Poisson’s ratio can be obtained in two ways stated in option ’Choose Poisson’s ratio’:

e ’from input file’ - it reads tha values from ’CSM indentation file’,

e ’ag’ - it sets the value of Poisson’s ratio to value stated further for all indentation points.

2.1.2 Input data from nanoindentation - Hysitron

d
This section is operated with a button 'Import’ reading the scaled Young’s modulud] E = (Ek)kez"’ € RN
from the file stated as "Hysitron indentation file’.

The scaled Young’s modulus has to be raculculated into the real one E € RN with the following
formula
1—12
1 1-v2.”
EF E;

3The components of E denotes the Young’s modulus of individual indenter, i.e. E* represents its value in the point x*
for k € Zﬁlv.
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where v is a Poisson’s ratio of real material taken the same for all points, F; and v; are Young’s modulus
and Poisson’s ratio resp. for a material of indenter.

2.1.3 Data from input file

This section shows the number of discretization points IN, size of periodic unit cell Y and discretization
step h = (%, %2) that can be adjusted leading to recalculation of the size of PUC, Y. Moreover, the
read values of E can be ploted.

2.1.4 Creation of input file

This section is operated by button 'Make input file’ producing an input file named 'Name of input file’
that is used in the tab '"FFT homogenizationﬂ.

The indentation process can produce some defected values of Young’s modulus; since it is recognized
by user, those Young’s modulus are set up to some negative value. Hence, there are some possibilities
to deal with those non-physical negative values stated in choose option ’Substitution of defected values
with’:

e 'none’ - this option leaves the negative values and write it into the input file; this option is especially
used when the user wants to recognized those defected values in input file,

e ’local average’ - it substitutes the negative value with a value calculate as a mean of the closest
adjacent values. When the negative value occurs at the margin the periodicity assumption is
utilized.

e ’'global average’ - the negative values are substituted with the mean of all positive Young’s modulus.

2.2 FFT homogenization

i Hol n

Indentation | FFT Homogenization | FFTH Postprocessing [ Analytical Homogenization | Visco-elasticity FFTH |
Inputs for FFTH homogenization —
Input file: [mome,‘jardafDocuments!PYTHON.iGRANT!smest_datafinput,txt \ | Browse... |

Tolerance for convergence: ‘ 0.0001 }

Maximum no. of iterations: [1000 j

Calculation-
Name of output file: |momefiarda.iDocuments.fPYTHON,’GRANTISru‘test_data.iol.rtput.txt ‘ | Browse... |

| N Calculate, (Postprocess) |

)

Figure 7: "FFT Homogenization’

This section describes tab FFT homogenization as is shown in Fig. [l The tab is operated with a
button 'Calculate’ proceeding a Linear elasticity homogenization using FFT as is described in Section [Tl

First, it reads the input file named ’Input file’ where the size of PUC Y and material parameters
E.v € RN are stored. Then bulk and shear modulus K, G € RY are calculated from the components of
E and v as

k
k Ek

4The name of input file ’Input file’ in the tab ’FFT homogenization’ is filled up with the value 'Name of input file’.

14
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for k € Z‘Zi\,.

Then the FFT-based homogenization is proceeded as it is described in Sec. [[LJ] The linear system
(C30) is then solved with the maximal number of iterations stated in 'Maximal no. of iterations’ and
the required tolerance of convergence stated in 'Tolerance for convergence’.

The output files contains following variables

e L.g - homogenized matrix in Mandel’s notation

e resnorm - residual based norm calculated for unit loads, i.e. sequentially for g = [1,0,0]; g9 =
[0,1,0] and ¢ = [0, 0, 1]

e kit - number of iteration of Conjugate gradients reached for unit loads

e maxit - maximal number of iteration for Conjugate gradients

e tol - required tolerance for residual based norm to reach a convergence of Conjugate gradients
e time - time in seconds to calculate Conjugate gradients for a particular unit load

e L - the object from R3*3XN1xN2 storing the stiffness coefficients

e strain - the object from R3*3XN XNz gtoring the stiffness coefficients

2.3 FFTH postprocessing

In this section, we describe the postprocessing of output file of FFT homogenization. It is operated with
button 'update’ that reads the file 'Name of output file’ and primarily shows the effective stiffness in
group 'Outputs’. Next, it shows the number of iterations necessary to reach the required tolerance of
residual norm. Both quantities are in sum of three as the effective stiffness is calculated for three unit
loads.

Finally, the section 'Drawing of local fields’ enable to show the local strain and stress fields for
arbitrary macroscopic strain.

& s 'Homogenization. EE
Indentation | FFT Homogenization [ FFTH Postprocessing IiAnaIy‘u'caI Homogenization ' Visco-elasticity FFTH |
Postprocessing file- -
Name of output file: \.fhumE;‘jardafDocuments!P‘r’THON{GRANT!srr:ttest_datafoutput.txﬂ ‘ ‘ Browse... |
| update |
-Output:
e 0.0 0.0 0.0
ffective stiffness
{Mandel notation): 0.0 0.0 0.0
0.0 0.0 0.0
No. of iterations (kit): 0 0 0
Residual norm (resnorm); 0.0 0.0 0.0
-Drawing of local fields -
Loading [strain_11, strain 22, strain_12]: [0.0 ln.u ln.o }
Drawing of:| strain 11 ' ¢| using: 2D-contour ¢| Draw |

Figure 8: '"FFTH postprocessing’

2.4 Analytical homogenization

In this section, we describe the tab ’Analytical Homogenization’ that homogenize the material in a
fully different approach than FFT homogenization. It is based on a assumption that the material is
composed of some finite phases each having the phase volume ratio and material parameters, in our case
isotropic. After pushing the button 'Import and calculate’ those quantities are read and various analytical
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homogenization proceeded. The Voight-Reuss homogenization makes the bounds for the real effective
parameters that are improved by the Hashin-Shtrikman-Walpole method. Finally Self Consistent method
and Mori-Tanaka calculate the estimates of effective parameters. The second method requires to identify
the matrix phase, usually the phase with maximal phase ratio. It is provided by field 'No. of matrix
phase’.

Indentation | FFT Homogenization | FFTH Postprncessmg Analy’ucal Homogenization | visco-elasticity FFTH ‘

Input and calculation

Name of input file: l.ihomefarda{Documents.fP‘rTHONIGRANTfsm’anaIytical.ioutput decon.txt l ‘ Browse...

Name of output file: [.ihomef arda/Documents/PYTHON/GRANT/src/analytical/output_analytical.txt l ‘ Browse...

|
|
[ Import and calculate ]
l

No. of matrix phase: [1

No. of matrix phase: 1.0 Phase ratio: 0.61290 E:19.164119 nu: 0.2

Voight-Reuss upper and lower bounds

Young's modulus by Voight: 24.9376496111 Young's modulus by Reuss: 22.9820400023
Poison's ratio by Voight: 0.2 Poison's ratio by Reuss: 0.2

-Hashin-Shtrikman-Walpole lower and upper bounds

lower bound of Young's modulus: 22.9820400023 upper bound of Young's modulus: 23.43595307
lower bound of Poison's ratio: 0.195081480221 upper bound of Poison's ratio: 0.203897778313

-‘Homogenized by Mori-Tanaka and Self Consistent method

Young's modulus by Mori-Tanaka homogenization: 23.7415605377
Poison's ratio by Mori-Tanaka homogenization: 0.2

Young's modulus by Self Consistent homogenization: 23.8445227829
Poison's ratio by Self Consistent homogenization: 0.2

Figure 9: "Analytical Homogenization’
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2.5 Visco-elastic FFTH

) 'Homogenization

Indentation | FFT Homogenization | FFTH Postprocessing | Analytical Homogenization | Visco-elasticity FFTH |
Input
Input file: I;‘home.i]ardafDocumentsfPYTHON,fGRANT.isrc,fuiscu,‘curves_RH30_#2.TXT | | Browse... ‘ ‘

Import and identification of parameters -

Input file for homogenization: [.'homeﬁarda.iDocuments.fPYTHON;'GRANTfsrcftest_dataﬂnput_ve.tx‘t I | Browse... ‘

| Import |

Calculation

Input file for homogenization: l;‘home{jardafDocumentSfPYTHON!GRANT{srcftest_data,‘input_vejl | Browse...

‘ Update and set the parameters to recommended values

\
|
No. of time steps in holding phase: Ilq J
|

Duration of holding phase: I 10
Time-step: 1.0

Duration of loading phase: IS |

Round off duration of loading phase: 5.0

Tolerance for CG convergence: I 0.0001

QOutput file: lIhome.ijardafDocuments{PYTHON,fGRANT.isrcftest_data,‘uutpl.rt_vel | Browse...

‘ Calculate

|
Maximal no. of CG iterations: I 1000 I
\
|

Figure 10: "Visco-elasticity FFTH’

This section describes tab "Visco-elasticity FFTH’, see Fig. [[l dealing with homogenization of visco-
elastic material.

2.5.1 Import and identification of parameters

This section is operated with button 'Import’ that reads the data from ’Indentation file’, identifies the
visco-elastic parameters and write it into the file defined as 'Input file for homogenization’. Moreover, it
directly set the recommended values for the section 'Calculation’.

The identification of visco-elastic parameters follows the description from Sec. [LZIl Briefly, for
each indentation point from regular grid, the nanoindentation force is prescribed as in Fig. 2] and the
indentation depth is measured as in Fig.[Bl The part of indentation depth that corresponds to holding
phase in indentation force is fitted with Kelvin-Voight-Maxwell model, cf. Fig. [[l emerging the visco-
elastic parameters.

2.5.2 Calculation

This section is operated with two buttons 'Update and set the parameters to recommended values’ and
"Calculate’. The first read the data from the file stated in 'Input file for homogenization” and set the
parameters to recommended values. The number of time steps in holding phase ny is predefined in the
source code, however it can be adjusted and dependent quantities are recalculated. Next, the quantity
"Duration of holding phase’, tj, can also be set up and directly influence the quantity "Time-step’, At,
as
A=
nH

‘Duration of loading phase’, ¢, can be set up, however it is round-off in order to be multiplier of

time-step At, i.e.
tiLnit
t;, = At - round .
L roun <At)
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Finally, two quantities that control the solution of linear system by Conjugate gradients can be
regulated. First, "Tolerance for CG convergence’, ecg, controls the 2-norm of residual as in Eq. ([L32]).
Next, 'Maximal no. of CG iterations’ regulate CG iterations especially in case of not convergence.

Then, the homogenization itself follows the theory stated in Sec. The duration loading and
holding phase defines a macroscopic shear stress load with maximal value equal to one. Than the strain
and especially macroscopic one is calculated using visco-elastic material law with parameters identified
from nanoindentation for particular points from regular grid.

18
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